Abstract-In this correspondence, an asymptotic performance analysis for two-way relaying free-space optical (FSO) communication systems with nonzero boresight pointing errors over double-generalized Gamma fading channels is presented. Assuming amplify-and-forward relaying, two nodes having the FSO ability can communicate with each other through the optical links. With this setup, we derive some asymptotic analytical results for the outage probability and average bit error rate. Furthermore, we provide an asymptotic average capacity analysis for high signal-to-noise ratio by using the moments-based method.
I. INTRODUCTION
Free space optical (FSO) communication systems have become a hot research topic because of their high bandwidth [1] . Such systems can provide high data rate and are license-free, which makes them costeffective and applicable to a lot of applications. However, atmospheric turbulence-induced fading severely degrades FSO link performance.
To overcome this disadvantage, recently the relay-assisted FSO system has received considerable attention. Up to now, a lot of work has investigated the performance of relay-assisted FSO transmission [2] - [6] . However, these works are only available to the one-way relaying systems. In RF wireless communication systems, performance analysis of two-way relaying (TWR) networks has been extensively investigated in the literature since TWR can break through the spectral efficiency loss because of the use of half-duplex in one-way relay channels. In conventional one-way relaying systems, the nodes are generally operated in half-duplex mode, while the TWR scheme can be operating in full-duplex by using the physical-layer network coding (PNC) [7] . In TWR networks, two sources can send their signals simultaneously to the relay in a multiple-access channel, while in the second phase the relay broadcasts it received signal to the two sources. provided to investigate the diversity order and capacity scaling law. Finally, we show some numerical examples to verify our analytical results.
II. SYSTEM MODEL

A. TWR-FSO Network
Consider a TWR-FSO network as shown in Fig. 1 where nodes A and B with FSO ability establish communication via a relay using amplify-and-forward (AF) protocol. In this setup, A and B are installed at the top of two different buildings and such a system can be applied in enterprise/campus connectivity. We assume that heterodyne detection and binary phase shift keying (BPSK) modulation are employed. We further assume that perfect synchronization is ensured among the nodes and direct link between A and B is broken. In this network, both A and B are assumed to be equipped with single apertures, while the relay has two apertures for signal reception transmitted from A and B. In this work, it is assumed that our system is corrupted by shot/thermal noise which is modeled as zero-mean additive white Gaussian noise (AWGN) with power spectral density equal to N 0 . To implement the information transmission, two time slots are required. In the first phase, RF signals at A and B are converted to optical signals and then are transmitted to the relay. Thus, the resulting signals at the relay can be expressed as [9] 
where R A R and R A R are the responsivity of the photodetectors at the relay, x A and x B are the transmitted optical signals with unit energy, n A R and n B R are the AWGN at the relay and h A R and h B R are the channel gains. In (1), the channel gain can be modeled as In the second time slot, the relay combines the received optical signal with a local optical signal and then it is focused onto a photodetector. Later, this photodetector helps to convert received optical signals to an electrical signal which is amplified and converted to an optical signal which is retransmitted to B or A through the FSO links. Thus, the received optical signals at A and B are given by
where the amplifying factors are given by G R A = 1/h B R and G R B = 1/h A R for channel state information (CSI)-assisted AF, n A and n B are the AWGN. In (3) and (4), R R A and R R B are the photodetector responsivity. Without loss of generality, we assume
From (3) and (4), the resulting overall signal-to-noise (SNR) of the TWR-FSO system is given by
where
h B R , in which q, A 0 , and Δf are the electronic charge, the photodetector area, the noise equivalent bandwidth of an optical wireless communication (OWC) receiver, respectively, E[·] is the expectation operator, and μ is the average SNR.
B. Channel Statistical Model
In our work, we use double GG distribution to characterize the turbulence and its PDF of h a A R is given by [8] 
where G m ,n p ,q (·) denotes the Meijers G-function, β i > 0, m i ≥ 0.5 and Ω i (i = 1, 2) are the generalized gamma parameters. In (6), p and q are positive integer numbers satisfying p/q = β 1 /β 2 and Δ(j :
From [22] , the PDF of h p A R due to nonzero boresight pointing errors can be expressed as
where A 1 is a constant and its value A 1 = erf 2 (v), where v = π/2r/z b , r is the aperture radius, and z b is the beamwidth. In (7), g = w Z eq /(2σ s ), where w Z eq is the equivalent beam radius at the receiver and σ s is jitter standard deviation at the receiver. In (7), s is the boresight displacement and I 0 (·) represents the modified Bessel function of the first kind. Notice that s = 0 in (7) reduces to the zero boresight pointing error case. By setting s = 0, (7) reduces to [18] 
To the best of our knowledge, there is no analytical result available for the PDF of the combined channel statistical model under the influence of nonzero boresight errors. Recall that
By substituting (6) and (7) into (9), the PDF of h A R can be obtained as
Unfortunately, it is very difficult to evaluate the integral in (10). Using a transformation of variable, (10) can be rewritten as
where W = ( 
where it requires p < q, b j − b k / ∈ Z, and (·) n denotes the Pochhamer number defined as (a) n = a(a + 1) · · · (a + n − 1) with (a) 0 = 1, we have
where b j and b k are the values of 1 − Δ(q : 
where J = We note that the PDF expression (6) is very involved due to the Meijer G-function. From [28] , we know that the asymptotic performance is determined by the behavior of the PDF close to the origin. Therefore, to investigate the asymptotic performance in the next section, we provide the asymptotic PDF expression for h A R . From (14), we have the asymptotic PDF expression as
In (15), b k and b j are given by
In particular, for double-generalized gamma channels with zero boresight pointing errors, the PDF of h A R can be written as [16] 
. Similarly, from (18), we can obtain an asymptotic PDF expression for double-generalized gamma channels with zero boresight pointing errors as
where b j and b k are given by
From above analysis, we can see that the exact PDF analysis for the nonzero boresight pointing error case is not possible or challenging. Therefore, asymptotic analysis is presented in this work. In some cases, the asymptotic analysis is more meaningful because some explicit insights can be observed. Therefore, in the following section we adopt the upper bound γ e 2e ≤ γ u p = min{γ 1 , γ 2 } to evaluate the system performance. Then, the cumulative distribution function (CDF) of γ e 2e can be expressed as
where F γ 1 (γ) and F γ 2 (γ) denote the CDFs of γ 1 and γ 2 , respectively. With (14) , the CDF of γ 1 can be can be expressed as
. Furthermore, from (15), the asymptotic CDF expression for γ 1 can be readily expressed as
. Similarly, we can obtain CDF expressions F γ 2 (γ) for γ 2 .
III. PERFORMANCE ANALYSIS
Based on the results derived in above section, an asymptotic performance of the system model described in above section is analyzed.
A. Outage Analysis
Generally, outage probability is defined by
With (22), (23), and (25), the outage performance of our considered system can be readily evaluated. To investigate the diversity order, we consider the asymptotic outage performance. From (22) , the outage probability can be further approximated as
where we ignore the negative term in (22) and this is negligible for high SNRs. Therefore, with (24) and (26), we have
Similarly, using (24), we can express the asymptotical BER as
where A and B are constants. As a double check, (31) indicates that the diversity order is still min{u, w}.
C. Asymptotic Average Capacity Analysis
Generally, regarding the FSO systems, the outage probability or average error rate are the main performance metrics. We note that some research work has considered the average capacity of different FSO setups. For instance, the authors in [29] investigated the ergodic capacity of a FSO network with single apertures at the link ends over two different turbulence channels. Recently, the ergodic capacity of FSO systems for different channel models with nonzero boresight effects was presented in [23] . Since the exact analysis is not available, we resort to an asymptotic capacity analysis and investigate the capacity scaling law. Then, from (5), we can express the average capacity as
As mentioned above, the closed-form PDF of γ 1 is very challenging to be obtained. From [23] , at high SNR, the moments-based method can be used to analyze the asymptotic average capacity, namely, 
From [22] , [23] , the moments of h p A R is given by
Using (6) and [26, eq. (7. 811.4)], we have
where b i has been defined in (13) and
Substituting (35) and (36) into (34) yields
. The first derivative of the moments (37) is given by
where ψ(x) is the psi function [26, eq. (8.3601.1) ]. Setting n = 0 in (38), we can obtain the asymptotic average capacity at high SNR as
From (39), it is clearly shown that g affects the system capacity significantly. If let s = 0, (39) reduces to [16, eq. (35) ] corresponding to the zero boresight pointing error case. Moreover, if let s = 0 and g → ∞, it corresponds to the zero pointing errors case. 
IV. NUMERICAL EXAMPLES
In this section, we provide some numerical results to show our analysis. Without loss of generality, we assume that γ 1 = γ 2 and channel parameters for the links are identical. The SNR threshold is set to γ th = 2 dB. Similar to [15] , [16] , we consider two different turbulence conditions, namely, strong and moderate turbulence. For the strong turbulence, we set m 1 = 0.5, m 2 = 1.8, β 1 = 1.8621, β 2 = 1, Ω 1 = 1.5074, Ω 2 = 1, p = 17, and q = 9. For another, we set m 1 = 0.55, m 2 = 2.35, β 1 = 2.1690, β 2 = 1, Ω 1 = 1.5793, Ω 2 = 1, p = 28, and q = 13 for the moderate turbulence case. Similarly, we adopt the following system parameters used in some practical terrestrial FSO systems, receiver radius a=10cm, beam radius ω z = 100 cm, and jitter standard deviation σ s = 1.5 cm, see [22] and the references therein. With these system settings, we can obtain g = 5 and A 1 = [erf( π/2a/w z )]
2 . In Fig. 2 , the outage curves for two different values of s = 0, 5 are plotted. From this figure, we can see that both turbulence and nonzero boresight pointing errors affect the system performance. More specifically, for a same s, it is clearly observed that the moderate turbulence has a better system performance since the system diversity order depends on min{u, w} for g 2 > β 2 p min{
}, where u and w have been defined in above section. Notice that g = 5 satisfies this requirement for both turbulence conditions. As expected, it is clearly shown that s = 0 corresponding to the zero boresight pointing error case has a better system performance. Finally, we can see that the simulation results almost are equal to the asymptotic results at high SNR regions. Using the same parameters used in Fig. 2 , the asymptotic BER and capacity are plotted in Figs. 3 and 4 . Similar observations can be obtained.
V. CONCLUSION
In this correspondence, we investigated the performance of a relaying optical wireless communication system over double generalized gamma atmospheric turbulence channels with non-zero boresight pointing errors. We first derived the approximate statistic distributions of the output SNR. Then, the asymptotic system performance is analyzed and the diversity order is also observed. We further provided asymptotic average capacity analysis to investigate the capacity scaling law.
